Abstract-A hyper-perturbation approach is employed to find the Taylor expansion formulas for the dispersion curves of arbitrarily indexed optical fibers. These formulas are then used to give analytically the birefringence characteristics of optical fibers with biaxially anisotropic core and cladding. The dependence of the fiber birefringence on the index difference, index anisotropy, and the normalized frequency is explicitly determined. Simple, accurate analytic formulas have been presented for anisotropic fibers with step-and parabolic-index profiles. Numerical results are in good agreement with the literature results, whenever available.
I. INTRODUCTION
N reality, all conventional single-mode fibers support two I orthogonal polarizations. Bends and twists, unavoidable for the practical fibers, have the property of coupling energy between these two degenerate modes. For sophisticated systems like coherent communication systems, sensory systems based on interferometric principles, or systems utilizing polarization-dependent devices, these changes in the state of polarization would lead to signal fading and noise. To overcome this, isotropic fibers with noncircular geometry and fibers with anisotropic material have been proposed to remove the polarization degeneracy and reduce the polarization mode conversion [l] . Most of the high birefringence fibers have a built-in stress-applying components which makes the core and/or cladding biaxially anisotropic.
Several sophisticated numerical methods have been proposed to investigate the birefringence characteristics of anisotropic optical fibers. Under the weakly guiding assumption, Lindell and Oksanen proposed a variational analysis for step- [2] and parabolic-[3] index fibers, which relies much on the choice of trial functions and still suffers from worse accuracy for fibers operating in near cutoff or well-guided region. Wu and Chen presented a general variational reaction analysis [4] which is applicable for arbitrarily indexed fibers even when the index difference is large, in the price of a huge computational load. Recently, Chen derived a very tedious perturbation analysis [5] which is applicable for step-index fibers only and cannot yield good results in the near cutoff region.
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such that the propagation constant can be explicitly expressed by the power series of frequency. First of all, the conventional finite element method or the variational reaction theory [6] is employed to solve the propagation constant and modal field of an arbitrarily indexed optical fibers. The expansion coefficients up to very high orders can then be calculated directly via a few simple matrix manipulations once the eigen-solution is solved at a certain frequency. The whole dispersion curve can be approximated to a high accuracy by the expansion formulas at few distinct frequencies. Given the explicit expressions for propagation constants, it becomes straightforward to determine the birefringence characteristics for weakly guiding fibers with anisotropic core and/or cladding.
HYPER-PERTURBATION THEORY
Consider an optical fiber with the refractive-index profile
where a is the core radius, n d is the cladding index, n, is the index maximum in the core, and function f ( R ) defines the profile shape. As the index difference tends to zero, it is well known that the propagation characteristics can be determined from the LP,, mode which satisfies the scalar-wave equation
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under the boundary condition Here, the normalized frequency V and the parameter W are defined by v = k a J G and w = respectively, K m ( W ) is the mth order modified Bessel function of the second kind, and the prime ' denotes the differentiation with respect to the argument W . Consider the integration of (2) multiplied with an arbitrary test function $". By employing the integration by part and imposing the boundary condition, we can obtain a reaction formula for the guided mode [6] the desired eigen-solution. By choosing suitable mesh division and basis functions in the finite element method, (3) can be reduced to a matrix equation. Given a frequency V0, we can search for zero determinant of the matrix, [7, ch. 111 to locate the associated eigenvalue WO and solve the modal field $0. In general, the determinant is a nonlinear function of W and V such that the eigen-search process has to be repeated each time the frequency is changed.
Conversely, we can treat the frequency V as a perturbation and expand the eigenvalue W and modal field $ near the frequency VO by 3-1 defined in (3) is expressed explicitly in terms of V and W , the derivatives in (7) can be taken analytically. By substituting (4)-(6) into the reaction formula (3) and neglecting all the terms with second power of (V -VO) or higher, we obtain the first order formula
If the arbitrary field $" in (8) is replaced by the modal field ,I/~o, it is not difficult to prove that the left-hand side (LHS) in (8) is zero. Then, the first-order derivative of W , i.e., Wl, can be found by
Once the eigen-solution (WO, $ 0 ) is obtained, the terms in (9) can be calculated by numerical integration. In this way, the derivative W1 is determined without taking any numerical differentiation. Equation (9) is nothing more than the conventional formula given in the Rayleigh quotient [8] or the first-order perturbation theory [9] .
Given the eigen-solution (WO,$O) as well as W1, the operator 3-11 as defined in (7) is available now. Since (8) is valid for arbitrary field $", it can be employed to find the first-order expansion field $1. By the finite element method choosing the same mesh division and basis functions, (8) becomes a matrix equation for the nodal unknowns corresponding to $1. Here, the matrix corresponding to the operator 3-10 is already available, while the right-hand side (RHS) vector is contributed by the term ( $ a l X~l $~) .
It should be noted that the matrix is singular at the eigen-solution and the modal field $0 is determined up to an arbitrary constant. Hence, an additional boundary condition is required to solve the matrix equation for $1 uniquely. A simple way is to choose that one of the nodal values, usually the boundary one, of the modal field $0 is a constant. Then, we achieve an essential boundary condition for (8), e.g., $1 is enforced to be zero at that node.
Similar process can be repeated to calculate the higher order expansion coefficients. Substituting (4)- (6) into the reaction formula (3) and equating the terms with power (V -VO)", we now obtain the following recursive relation:
which holds for arbitrary field $". If $" is chosen as the modal field GO, we can still show that the LHS of (10) is zero. Hence, the expansion coefficient W, can be found by On the other hand, (10) can be employed to solve the nth order expansion field $n from the lower order expansions W, and &(i = 0,1, . . . , n -1) as well as the just solved W,. Again, the matrix representation for 3-10 is singular and the essential boundary condition requires that $n = 0 at a particular node.
EXPLICIT DISPERSION FORMULAS
Based on the hyper-perturbation theory together with the finite element method, a Fortran program is tailored on IBMPC to solve the various order expansion coefficients for guided LP modes of optical fibers. The solution region is uniformly divided into M elements, inside each of which the quadratic basis is employed. Since the index profile may be of arbitrary shape f ( R ) , the element integral is evaluated by the four-point Gaussian Legendre quadrature. Given an operating frequency VO, the program first searches for the eigenvalue WO and then calculates the Taylor expansion coefficients of the dispersion curve up to an arbitrary order.
Since the algorithm involves numerical integration instead of differentiation, the calculated expansion coefficients W, converge very fast as M increases. Numerical analysis shows that M = 5 is enough to make W, converge with relative error smaller than for step-index fibers. More divisions are required for graded index fibers. For example, M = 7 should be chosen to achieve a similar accuracy for parabolic-index fibers. Given the profile shape, the dispersion characteristics for guided LP modes can be uniquely determined from the parameter W versus the normalized frequency V, say W = F ( V ) . Listed here are the explicit expressions of the dispersion relations of fundamental LP modes for step-and parabolicindex fibers in the usual frequency range 0 5 V < 10. The absolute error of the results given by the following formulas is smaller than 10W4.
A.
Step-Index Fibers
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IV. DIRECT BIREFRINGENCE ANALYSIS
Without loss of generality, consider an optical fiber with the permittivity tensor core can be anisotropic, while the index profile can be step, parabolic, or arbitrary.
Under the weakly guiding assumption, usually made for optical fibers, the LP modes are linearly polarized such that only the permittivity in the polarization axis is relevant. The dispersion curve W = F(V) will be identical to that for isotropic fibers, if W and V are now replaced by W, =ad=, K = / c a Jm (13) where 1: = x and y for LP modes polarized in x and y directions, respectively. The function F is dependent on the profile shape f ( R ) only. Its explicit expression has been given in the above session for step and parabolic-index fibers, and can be found similarly by the present approach for arbitrarily indexed fibers.
One of the most important parameters for the anisotropic fibers is the normalized polarization birefringence defined by PI (14)
In the weakly guidance limit, Pz in the denominator can be replaced by IC . ndz or IC . nTz ( i = x or y). Employing the relations W, = F(V,) and W, = F(V,) and noting that V, is very close to V,, (14) can be reduced to a simple formula (15) where are the normalized birefringence at low and high-frequency limits, respectively. The function G(V), varying from zero at low frequency limit to unity at high frequency limit, defines the frequency dependence of birefringence characteristics. Since the explicit expression for F(V) is available, it becomes straightforward to find the birefringence characteristics for anisotropic fibers with arbitrary index profile.
G(V); G(V) F(V).F'(V)/V

V. NUMERICAL RESULTS
cladding, the permittivity model in (12) Then, the normalized propagation constant will be given by
The normalized polarization birefringence by (15) now becomes
almost independent of the frequency. The index difference and the index anisotropy, critical in the propagation characteristics, are defined as In Fig. 5 , dxyr % B, is kept constant while dxyd 2 Bo varies. Since the cladding anisotropy is chosen larger than the core anisotropy here, the difference b, -by decreases from its maximum d x y d / d r d at the low frequency limit and tends to its high-frequency limit dxyr / d r d . The behavior can be explained easily in terms of (15). For fibers operating near cutoff, fields spread out to the cladding region such that the cladding anisotropy d x y d should and do have a strong influence on the birefringence characteristics. On the other hand, for fibers operating in the well-guided region, fields are concentrated in the core region such that dxyr is dominant. This is also shown in Fig. 6 where d x y d is kept constant while dzyr varies. In 
VI. DISCUSSION AND CONCLUSIONS
A hyper-perturbation theory is applied to find the expansion Coefficients of the dispersion relation up to arbitrary orders. After the conventional finite element analysis to search for the cigcnvalues, these expansion coefficients are directly calculated by a few simple matrix vector multiplications. Without any numerical differentiation involved, the results of high accuracy can be achieved with few division elements only. With these coefficients, an expansion formula valid for a certain frequency range is available. The explicit dispersion relation, which is very convenient for practical applications, can then be made up from the expansion formulas at several distinct frequencies.
Given the explicit dispersion relation of single-mode optical fibers, the paper presents a simple birefringence analysis for optical fibers with biaxially anisotropic core and/or cladding. The polarization birefringence between the two fundamental modes depends critically on the index difference and the index anisotropy. For fibers operating near cutoff, the cladding anisotropy determines the birefringence characteristics. On the other hand, the core anisotropy is dominant for fibers operating in the well-guided region. For the frequencies in between, the polarization birefringence lies somewhat between the above two limits and is governed by the birefringence characteristic function which can be found from the derivative of the dispersion relation of the corresponding isotropic fibers.
